THEOREM B. -Let M be as above with non-trivial fundamental group K^ (M) =F. Then either
(0 M is isometric to S"(l) , and the action ofT on S"(l) has a proper totally geodesic invariant subsphere 8^(1) in S"(l) These results were announced in [GGJ. Special cases of Theorem B were discussed in [SS] and [Sa] . For a classification of spherical space forms we refer to [W] .
As the diameter sphere theorem generalizes the classical sphere theorem of Rauch, Berger, and Klingenberg, Theorem A above extends the following well-known rigidity result.
THEOREM (Berger). -Let V be a complete simply connected riemannian manifold with 1 ^K^4. Then V is a twisted sphere, or V 15 isometric to a rank 1 symmetric space.
In fact, the assumptions 1 ^ K ^ 4 and V simply connected imply, although non-trivially, that the injectivity radius of V satisfies inj(V)^7i/2 (cf. [CGJ or [KS] ), in particular diam(V)^7i/2.
The paper is divided into five sections. First we construct a "dual" pair of convex sets A and A' in M at maximal distance (cf. also [SS] , [Sa] , and [S] ). In Section 2, using ideas of [GS] , we show that the complement of a "tubular" neighborhood of A U A' in M is topologically a product. This implies in particular: If A and A' are both contractible then M is a twisted sphere (Theorem 2. 5). In the remaining cases we prove, in Section 3, that A and A' have no boundary (one of them is possibly a point), and that any geodesic perpendicular to A gives rise to a minimal connection from A to A', and vice versa. This leads to the construction of a riemannian submersion from the unit normal sphere at any point of A' to A, and vice versa. Our study of metric fibrations in [GGJand [003] is then used in Section 4 to deal with the simply connected case (Theorem 4.3 and Remark 4.4) . In Section 5 we give a similar analysis for the covering space M of M, when M is not simply connected (Theorem 5.1, 5.2, 5.3) . Theorems A and B are immediate consequences of 2. 5, 3.2, 4. 3, 5.1, 5.2 and 5.3 .
We refer to [OKM] and [CE] for basic tools and results in riemannian geometry that will be used freely.
Dual convex sets
The metric distance between points x, y e M is denoted by d (x, y), and d (x, B) is the distance from x to a subset Bc=M. For a smooth submanifold VcM and xeV, T^V and T^ are the tangent and normal spaces of V at x, respectively. As usual expv : T^V -> M is the (normal) exponential map, and C(V) is the cutlocus of V in M. Recall that a hinge at p in M is a triple (c^, c^ a) where c^ and c^ are geodesies in M with c^(0)=c^(0)=p and and ^ (Ci(0), €2(0))= a, The following version of the basic triangle comparison theorem of Toponogov will be most important to us throughout this paper: THEOREM 1.1 (Toponogov). -Suppose K^l. Let (c^, c^, a) be a hinge in M and (Ci, €2, a) a hinge in S^l) mth L(^)=L(c;)=J,, f= 1,2.
(i) Ifc^ is minimal and l^<n then d (c,(l^c,(l,) )^d (c,(l^c^l,) proof. -If A or A" is a point the claim is obvious. Assume a, a'^1 and choose interior points x e A, x' e A'. Let c be a minimal geodesic from x to x\ Now if a + a' ^ n then there exists a unit parallel field X along c which is tangent to A at x and tangent to A' at x\ Since M has positive curvature, X gives rise to shorter curves connecting A and A", which is a contradiction.
Aside from the intrinsic structure of A and A', their extrinsic properties are equally important. For any subset Bc=M and any s^O, consider e B={xeM\d(x, B)^e}.
Using the compactness of M, one easily obtains the following facts, cf. also [Wa] . (ii) The map q -> q* from "C to C is Lipschitz. Deforming "C along the geodesic segments qq* to q* defines a strong deformation retract of^C onto C.
(ii) () e C={xeM\d(x, C)=£} is a codimension 1 submanifold in M of class C 1 and a strong deformation retract of € C\C.
If in the above lemma C has no boundary, everything is of course smooth, and ^ is nothing but a tubular neighborhood of C in M.
Topological duality and the non-rigid case
Following the ideas in [GS] we can now smooth either one of the distance functions
and construct a smooth gradient vector field on M, which for sufficiently small s>0 is transversal to the boundary components 3 s A and ^A' of M^MV^A L^A'), with no zeros in Mg. For many purposes it is sufficient to have such a "gradient-like" vector field, which was observed in [G] . This simplifies some arguments. As these constructions are rather straight-forward extensions of those in [GS] (cf. also [G] ) we only give a brief discussion. 
(i).
We say that xeM\A (resp. M\A") is a critical point for the (non-smooth) function d^ (resp. d^) if for any non-zero ueT^M there is a minimal geodesic c from x to A (resp. A') such that ^ (u, c(0))^7c/2. By 2.1 both d^ and d^ have no critical points in Mo. As a consequence we obtain the following topological duality between A and A" in M.
Proof. -By 2.1, for any xeMg we find a smooth non vanishing vector field Ud efined in a neighborhood N^ of x in Mo with Notice that by 1.5, U is traversal to both components ^A, ^A' of <9Mg. Using 2.3 and the first variation formula, d^ is strictly decreasing on any integral curve of U. Now there is a constant T>0 such that any maximal integral curve (p with (p(0) e^A" will reach 3 s A before time T. Otherwise, by a limiting argument, we would find a local integral curve on which d^ is constant. Therefore we have shown Mg is C 1 -diffeomorphic with ^A' x [0,1] and this is enough to complete the proof.
Remark 2.4. -It is straightforward to modify the construction of the vector field U in the proof of 2.2 so that
e^J-e, along all minimal geodesies c from A' to A. This will be used in 3. 5. The connecting minimal geodesies give rise to a C^-diffeomorphism e/2^Q^+^ _^e/^Q^ Thus we have the following sequence of diffeomorphismŝ
5^ also [S] for a slightly different proof of Theorem 2.5.
Remark 2.7. -We like to mention that the arguments used in Theorem 2.2 are by now known to also provide a simple and direct proof of the diffeomorphism statement [P] in the « Soul Theorem" of [CG^] : The distance function d^ from a soul S in a complete noncompact manifold M with nonnegative curvature has no critical points outside S. This follows since any xeM\S lies in the boundary of a compact totally convex set C with Sc=int C, by the basic construction in [CGJ.
Normal holonomy of dual sets
From now on we assume that M is not homeomorphic to the sphere S". In view of Theorem 2. 5 this means, at least one of the two dual sets, in this section say A, is not contractible. In particular 9A=0 and A is not a point. We will show first that necessarily also 9A'=0. Then we will prove: The cut locus C(A) of A in M is the dual set A', and vice versa. The arguments involved will finally lead to the construction of a riemannian submersion from each unit normal sphere of one dual set onto the other. This is a crucial step toward rigidity. 4° SERIE -TOME 20 -1987 -N° 2 We begin with the following observation, cf. also the proof of Proposition 1.3. Proof. -It is sufficient to consider l<n, and since clearly ^ (u, c(0))=7i/2, our claim is a direct consequence of 1.1 (ii) applied to the hinge (Cy, c, n/2). 
Now

. Then ^(u) defines a minimal geodesic from a(t) to c^(n/2) for all 0'^t^l.
Pick a unit normal vector MGT^A with Cy(7r/2)==//eA'. Consider the closure E of the set of unit normal vectors to A obtained from u by parallel translation along piecewise smooth paths a in A with a (0) =p. Then n: E -> A is a sub bundle of the unit normal bundle n: Tj-A -> A of A in M. To see this let Eq = {u e E [ n (u) = q] and observe that Ep is the orbit through u of the closure of the normal holonomy group <S>p at p. Furthermore, we have E^=T^(Ep) for any o: [0, l\ -> A from p to q. Note in particular that the fiber E^ is a compact homogeneous space.
As a first application of this construction we obtain Proof. -Let p'eA' be arbitrary and c^ a minimal geodesic from some peA to p\ Consider the bundle n: E -> A constructed from u as above. We now claim that E==T^A. Since A' is contractible the total space T^A is homeomorphic to S"~1 by 2.6 and 2.2. Thus if T^-A\E^0 we see that n: E c; T^ A ->• A is homotopic to a constant, i.e. there is a homotopy H: Ex [0,1]-^ A with Ho =71 and H^(E)={q}. Now 7i ° idg = Ho, so by the homotopy lifting property of n: E -> A we obtain a homotopy H:Ex[0, 1]->E with Ho==idE and fii(E)c=E^. This is clearly impossible since E is a closed manifold, which is not a point. Now by 3.3 any v e E defines a minimal geodesic to p\ This shows that any unit normal vector to A defines a minimal geodesic to p\ Thus A'^T/}, C (A) ={;/}, and then clearly also C(p / )=A.
As a second application of the holonomy construction above we get similarly Proof. -By definition n^ is clearly smooth. Now let v e Tp A be a unit tangent vector and choose i/eSp/ with n^(u')==c^(n/2)=p. From 3.1 we see that the geodesic Cy in A together with the geodesic c^ determine a geodesic y^ in Sp, with n^ ° y^ = Cy. This shows that n^ is a submersion. Since weT^(S^) is of unit length, all we need to prove is that w is perpendicular to the fiber n^1 (p) i. e. w is perpendicular to any vector tangent to the fiber. Although we will not use it in what follows, we like to point out an interesting and almost immediate consequence of the results in this section.
Remark 3.7. -Using that Sp. is isometric to the unit sphere S"" 0 ' -1 we find that all geodesies in A are periodic with maximal period n. It then follows that all geodesies in M through A are periodic, and hence from [BB] that the rational cohomology ring of M is generated by one element.
We will, however, make use of the following much stronger and more difficult result. Remark 3.8.-Suppose A is simply connected. Topologically, the fibers of n^: Sp' -> A are homotopy spheres ^f c , k=l,3 or 7, and fe=7 can occur only when S^=S 15 [B] . Except for that case, our work in [GGJ and [003] then implies that K^ : Sp, -> A is metrically congruent to a Hopf fibration. In particular, A is isometric to a rank 1 symmetric space with 1 ^ K ^ 4 and diam (A) = n/2.
We are now ready to complete the metric classification of non-spherical manifolds with K ^ 1 and diameter n/2.
Rigidity in the simply connected case
In this section we assume that M is simply connected and not homeomorphic to S". In particular n^3, and the dual sets A and A" in M are totally geodesic closed submanifolds, totally Ti-convex, one of them possibly a point. It is an immediate consequence of 3.1 that all geodesies in A, A" are periodic with common (not smallest) period In. Proof. -First suppose A, A" is a dual pair, and say A'^T/}. By 3.4, all geodesies in M starting at p' are simple loops of length n. The generalized version of the Bott-Samelson Theorem in [Be] to p e A to minimal geodesies in P" (fe) from PQ to f(p). The set of all such geodesies in P^k) form a totally geodesic submanifold isometric to the sphere 5^(1/2) with diameter 7i/2. We claim that the same statement holds in M. In fact let Be A be the dual set of p in A. Then B=A^{^} / is a totally geodesic, Ti-convex submanifold of M isometric to standard P"" 2^) . Note that {p}" ={p}. All this depends on A being isometric to standard P m~l (k) . Now B'cM is a totally geodesic, totally Tr-convex submanifold of M which contains the set of minimal geodesies from p to p\ Moreover, for any q e B, n^: Sq -> B' is a riemannian submersion from the unit normal sphere Sq = S 2 k ~1 (1) to B'. Again by 3. 8, B' is isometric to S^ (1/2) and coincides with the set of minimal geodesies from p to p\ It is now an immediate consequence that/maps M\A isometrically onto F n (k)\AQ, and therefore/is globally isometric.
To complete the proof, we need to find a dual pair A, A'={//}. If A, A' is a dual pair, A symmetric, then {pY / ={p} for any peA, as we have seen, and we are done. By 3. 8 it only remains to analyze the possibility dim A = dim A 7 = 8 and dim M = 24. Fix peA, 7/eA' and consider the set of minimal geodesies from p to p\ By construction of A? ^A' we see ^at in this case the closure G of the normal holonomy group at p' acts on Sp'=S 15 , and the orbits are exactly the fibres of n^. But such an action does not exist. A simple argument in our context can be given as follows: Let heG have a fixed point x = hx. Then the differential h^ is the identity on the normal space v^ of the orbit Gx at x, and thus h=id on the great sphere exp(v^). Now let yeSp. be arbitrary. The intersection of exp(v^) and exp(Vy) contains a point z, for dimension reasons. But z=hz and ^eexp(v^), so by the above also y=hy, and we conclude that h=id. Therefore, G would act freely on Sp/, which is impossible, since the fibers are 7-spheres and thus not diffeomorphic to a Lie group. This finally completes the proofs of Theorems A and B in the introduction.
